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Abstract 

Loop Quantum Gravity heavily relies on a connection formulation of General Relativity such 
that 1. the connection Poisson commutes with itself and 2. the corresponding gauge group 
is compact. This can be achieved starting from the Palatini or Hoist action when imposing 
the time gauge. Unfortunately, this method is restricted to £> + 1 = 4 spacetime dimensions. 
However, interesting String theories and Supergravity theories require higher dimensions and it 
would therefore be desirable to have higher dimensional Supergravity loop quantisations at one's 
disposal in order to compare these approaches. 

In this series of papers we take first steps towards this goal. The present first paper develops 
a classical canonical platform for a higher dimensional connection formulation of the purely 
gravitational sector. The new ingredient is a different extension of the ADM phase space than 
the one used in LQG which does not require the time gauge and which generalises to any dimension 
D > 1. The result is a Yang - Mills theory phase space subject to GauB, spatial diffeomorphism 
and Hamiltonian constraint as well as one additional constraint, called the simplicity constraint. 
The structure group can be chosen to be S0(1, D) or S0(£) + 1) and the latter choice is preferred 
for purposes of quantisation. 
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1 Introduction 

The quantisation of General Relativity remains one the most important open problems of con- 
temporary physics. Early attempts to quantise the Hamiltonian formulation given by Arnowitt, 
Deser and Misner pQ have failed due to non-renormalisability [21 [3] among other problems. Su- 
pergravity in various dimensions entered the picture as a way to resolve these problems, however, 
not all could be addressed Ill[5l[6]. Meanwhile, Superstring theory [3 [8] and M-Theory |9l [TO] 
have been proposed as theories of quantum gravity. They constrain the spacetime dimension to 
L) + 1 = 10 (Superstring theory) or D + 1 = 11 (M-Theory) and symmetry arguments suggest 
that the respective Supergravities are their low energy limits [7', '8] . It is therefore interesting 
to (loop)-quantise these Supergravities as a new approach to quantising the low-energy limit of 
Superstring theory or M-theory. 

However, the programme of loop quantisation (see e.g. |11| and references therein) requires 
the theory to be formulated in terms of a gauge theory. The reason for that is that only for 
theories based on connections and conjugate momenta background independent Hilbert space 
representations have been found so far, which also support the constraints of the theory as 
densely defined and closable operators. Of course, a connection formulation is also forced on us 
if we want to treat fermionic matter as well. A connection formulation for gravity in D + 1 > 4 
that can be satisfactorily quantised, even in the vacuum case, has not been given so far. For 
the case D + 1 = 4, it was only in 1986 that Ashtekar discovered his new variables for General 
Relativity [12]. The most important property of these variables is that the connection A used 
has a canonically conjugate momentum E such that {A, E) have standard canonical brackets, 
in particular the connection Poisson commutes with itself. This is not trivial. Indeed, the 
naive connection that one would expect from the first order Palatini formulation does not have 
this crucial property, because the canonical formulation of Palatini gravity suffers from second 
class constraints and the Palatini connection then has non trivial corresponding Dirac brackets. 
This prohibited so far to find Hilbert space representations, in particular those of LQG type in 
which the connection is represented as a multiplication operator, for these Palatini connection 
formulations. The Ashtekar connection does not suffer from this problem because it is the 
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self-dual part of the Palatini connection (or spin connection in the absence of torsion terms). 
Unfortunately, for the only physically interesting case of Lorentzian signature this Ashtekar 
connection takes values in the non compact SL(2,C) rather than a compact group and again 
it is very difficult to find Hilbert space representations of gauge theories with non compact 
structure groups. 

As observed by Barbero |13j . a possible strategy to deal with this non compactness problem 
is to use the time gauge and to gauge fix the boost part of S0(1, 3). The resulting connection, 
which can be seen as the self dual part of the spin connection for Euclidean signature, is then an 
SU(2) connection. The price to pay is that the Hamiltonian constraint for Lorentzian signature in 
terms of these variables is more complicated than in terms of the complex valued ones. However, 
this does not pose any problems in its quantisation [U]. Using these variables (which also allow 
a one parameter freedom related to the Immirzi parameter [15]) a rigorous quantisation of 
General Relativity with a unique Hilbert space representation could be derived [HI |T7l [THl IT9]. 
A different way to arrive at the same formulation is to start from the geometrodynamics phase 
space coordinatised by the ADM variables (three metric and extrinsic curvature) and to expand it 
by introducing (densitised) triads E and conjugate momenta K (basically the extrinsic curvature 
contracted with the triad). The connection is then the triad spin connection T plus this conjugate 
momentum, that is, A = T + jK where 7 is the real valued Immirzi parameter. The first miracle 
that happens in 3 spatial dimensions is that this is at all possible: While K transforms in the 
defining representation of S0(3), T transforms in the adjoint representation of S0(3). But for 
the case of S0(3), these are isomorphic and enable to define the object A. The second miracle 
that happens in 3 spatial dimensions is that this connection is Poisson self commuting which is 
entirely non trivial. Notice that in three spatial dimensions, the expansion of the phase space 
alters the number of configuration degrees of freedom from six per spatial point (described by 
the three metric tensor) to nine (described by the co-triad). To get back to the original ADM 
phase space, one therefore has to add three constraints and these turn out to comprise precisely 
an SU(2) GauB constraints just as in Yang Mills theory. 

It is clear that this strategy can work only in D = 3 spatial dimensions: A metric in D spatial 
dimensions has D(D + l)/2 configuration degrees of freedom per spatial point while a D-bein 
has D^. We therefore need — D{D + l)/2 = D{D — l)/2 constraints which is precisely the 
dimensionality of 80(1)). However, an 80(1?) connection has D^{D — l)/2 degrees of freedom. 
Requiring that connection and triad have equal amount of degrees of freedom leads to the 
unique solution D = 3. Thus in higher dimensions we need a generalisation of the procedure 
that works in D = 3. Attempts to construct a higher dimensional connection formulation have 
been undertaken, but few results are available [20^ [21} [22t I23| . Han et al. [2l| have shown 
that the higher dimensional Palatini action leads to geometrodynamics when the time gauge is 
imposed before the canonical analysis. 

In this paper, we will derive a connection formulation for higher dimensional General Rela- 
tivity by using a different extension of the ADM phase space than the one employed in \12\ [25] 
and which generalises to arbitrary spacetime dimension D + 1 for D > 1. It is based in part 
on Peldan's seminal work [26] on the possibility of using higher dimensional gauge groups for 
gravity as well as on his concept of a hybrid spin connection which naturally appears in the 
connection formulation of 2 + 1 gravity |27j . More precisely, the idea is the following: 
If one starts from the Palatini formulation in D + l spacetime dimensions, then the natural gauge 
group to consider is 80(1, D) or 80(-D + 1) respectively for Lorentzian or Euclidean gravity re- 
spectively. Both groups have dimension D{D + l)/2. This motivates to look for a connection 
formulation of the Hamiltonian framework with a connection Aaij, a = 1, .., D; I,J = 0, .., D. 
Such a connection has D^{D + l)/2 degrees of freedom. The corresponding GauB constraint 
removes D{D + 1) /2 degrees of freedom, leaving us with {D — 1)D{D + 1) /2 degrees of freedom. 
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However, a metric in D spatial dimensions has only D{D + l)/2 degrees of freedom, which 
means that we need D^{D — l)/2 — D additional constraints which together with the ADM 
constraints and the GauB constraint form a first class system. To discover this constraint, we 
need an object that transforms in the defining representation of the gauge group. It is given 
by the "square root" of the spatial metric qab = Vu^a^b where rj has Lorentzian or Euclidean 
signature respectively. Since the D internal vectors are linearly independent, we can com- 
plete them to a uniquely defined {D + l)-bein by the unit vector eg where ViJ^i^o ~ ^- Now 
the momentum vr"^"' conjugate to Aaij is supposed to be entirely determined by e^, that is, 
\J det(g)g"''eg'^e^' . In other words, tt is "simple" and we call these constraints therefore 
simplicity constraints. Since has DiD + 1) degrees of freedom while Tr*^^"^ has D^{D + l)/2 
these present precisely the required D^{D — l)/2 — D constraints. Furthermore, from one can 
construct the hybrid spin connection Taij which annihilates and the idea, as for Ashtekar's 
variables, is that ^ — F is related to the extrinsic curvature. In order to show that the symplec- 
tic reduction of this extension of the ADM phase is given by the ADM phase space, similar to 
what happens in case of Ashtekar's variables, we need that F is integrable at least modulo the 
simplicity constraints which we show to be the case. 

It should be stressed that even in D + 1 = 4 this extension of the ADM phase space is dif- 
ferent from the one employed in LQG: In LQG the Ashtekar-Barbero connection is given by 
^aji*^ ~ ^ajk oc ejkiK^^, k = 1, D, while in our case in the time gauge eg = (5g we have 
^ajk^ — Tajk is pure gauge. Here Tajk is the spin connection of the corresponding triad. Thus, 
in the new formulation the information about the extrinsic curvature sits in the AaOj component 
which is absent in the LQG formulation. We also emphasise that it is possible to have gauge 
group SO{D + 1) even for the Lorentzian ADM phase space. While a Lagrangian formulation is 
only available when spacetime and internal signature match as we will see in a companion paper 
|28j . this opens the possibility to quantise gravity in D + 1 spacetime dimensions using LQG 
methods albeit with structure group SO(L' + 1) and additional (simplicity) constraints |291|30j. 

This paper is is organised as follows: 

In section [2| we will define the required kinematical structure of a {D + l)-dimensional connec- 
tion formulation of General Relativity. We will study in detail the properties of the simplicity 
constraint and the hybrid spin connection. 

In section [3j we will postulate an extension of the ADM phase space in terms of a connection 
and its conjugate momentum subject to the corresponding Gaufi constraint and the simplicity 
constraint discussed before. We will then prove that the symplectic reduction of this extension 
with respect to both constraints recovers the ADM phase space. There is a one parameter 
freedom in this extension, similar to but different from the Immirzi parameter of standard LQG 

m- 

In section|4j we express the spatial diffeomorphism constraint and the Hamiltonian constraint 
in terms of the new variables and prove that the full set of four types of constraints, namely GauB, 
simplicity, spatial diffeomorphism and Hamiltonian constraints, is of first class. This can be done 
for either choice of S0(1,D) or SO(-D + 1) independently of the spacetime signature. Similar 
to the situation with standard LQG, the Hamiltonian simplifies when spacetime signature and 
internal signature match if one chooses unit Immirzi like parameter. There is an additional 
correction term present which accounts for the removal of the pure gauge degrees of freedom 
affected by the gauge transformations generated by the simplicity constraint. 

In section [5} we conclude and discuss future research directions partly already addressed in 
our companion papers p8l[29l [301 l3H [32l [33] . 
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The further organisation of this series is as foUows: 

In paper j28j, we supplement the present paper by a Lagrangian, namely Palatini, formula- 
tion in the case that internal and spacetime signature match. As is well known, the canonical 
treatment of Palatini gravity, while leading to a connection formulation, is plagued by second 
class constraints and a non trivial Dirac bracket prohibiting a connection representation in the 
quantum theory [34]. This is in apparent contradiction to the first class structure found in the 
present paper. The link between the two approaches is through the machinery of gauge unfixing 

[Ml EZl EH] 1 which transforms a second class system into an equivalent first class system sub- 
ject to a modification of the Hamiltonian which in our case is precisely the additional correction 
term in the Hamiltonian constraint found in this paper. 

In paper [23 we quantise the constraints found in this paper using the standard machinery 
developed for the D = 3 case. In paper |31| . we consider coupling to fermionic matter and its 
quantisation where we have to solve the problem of how to switch from Lorentzian to Euclidean 
signature Clifford algebras. In paper [30|, we quantise the simplicity constraint and show that 
in D + 1 = 4 the resulting Hilbert space and the representation of Gaufi and simplicity invariant 
observables coincides with the standard LQG representation. In paper ^32j, we consider the 
classical canonical formulation of higher dimensional Supergravity theories, in particular the 
Rarita-Schwinger fields in terms of new canonical variables and formulate the corresponding 
quantum theory. Finally, we treat the p-form sector of Supergravity theories in paper |33| . 

2 Kinematical Structure of (D + l)-dimensional Canonical Grav- 
ity 

This section is subdivided into three parts. In the first part we show that simple dimensional 
counting and natural considerations lead to a unique candidate connection formulation that 
works in any spacetime dimension -D + 1 and has underlying structure group SO{D + 1) or 
S0(1,Z)) respectively. We also identify the simplicity constraints additional to the GauB con- 
straint that such a formulation requires and show that while there is no D-hein and no spin 
connection in such a formulation, there is a generalised L'-bein and a hybrid connection. The 
latter is required in order to express the ADM variables in terms of the connection and its con- 
jugate momentum. In the second part we formulate an equivalent expression for the simplicity 
constraint and discuss its properties and some subtleties. Finally, in the third part we prove a 
key property of the hybrid connection, namely its integrability modulo simplicity constraints. 
This will be key to proving in the next section that the symplectic reduction of the extended 
phase space by Gaui3 and simplicity constraints recovers the ADM phase space. 

2.1 Preliminaries 

As is well known (see e.g. \XT\ and references therein), the ADM Hamiltonian formulation 
of vacuum D + 1 General Relativity is based on a phase space coordinatised by a canonical 
pair {qab, P""^) with non trivial Poisson brackets (we set the gravitational constant to unity for 
convenience) 

{qa,{x),P^%)] = 6lJt^5^^\x-y), (2.1) 

where a, 6, c, .. G {1, •., -D} and x, y, .. are coordinates on a D-dimensional manifold a. The images 
of a under one parameter families of embeddings of a into & {D + l)-dimensional manifold M 
constitute a foliation of M. Here qab is a metric on a of Euclidean signature. The phase space 



5 



defined by (2.1) is subject to spatial diffeomorphism constraints 



-Ha = -2qac DhP'" (2.2) 



and Hamiltonian constraint 



n = - r^ i^acQM - -^.qaWcd]?"'?"' " V^)R^''\ (2-3) 

Vdet(g) - i 

where R^^^ is the Ricci scalar of qah and Da denotes the torsion free covariant derivative anni- 



hilating Qab- Here s is the signature of the spacetime geometry. Expression (2.3) is problematic 
for D = \ and in what follows we restrict to D > 1. 

Similar to the formulation of standard LQG in D + 1 = 4, we would like to arrive at 
a connection formulation of this system which then can be quantised using standard LQG 
techniques. This requires the corresponding structure group to be compact. Let us recall and 
sketch how this is done for D = 3, see [H] for all the details: 

Following Peldan [26j, the idea is to extend the ADM phase space by additional degrees of 
freedom and then to impose additional first class constraints in such a way that the symplectic 
reduction of the extended system with respect to these constraints coincides with the original 
ADM phase space. In practical terms, this means that one considers a connection i.e. a 
Lie algebra valued one form with a Lie algebra of dimension N and a conjugate momentum vr^ 
which is a Lie algebra valued vector density. Here a,/3, .. = 1,..,A^. Such a Yang-Mills phase 
space is subject to a GauB constraint 

Go. = VaK = daK + /a/3 ^ K (2-4) 

where /^^ ^ denote the structure constants of the corresponding gauge group. The requirement is 
then that there is a reduction (A, vr) i— >• qah '■= Qab[A,7T], P"''' := P°'^[A,tt] such that the Poisson 
brackets of the ADM phase space are reproduced modulo the GauB constraint and possible 
additional first class constraints that maybe necessary in order that the correct dimensionality 
of the reduced phase space is achieved. 

The question is of course which group should be chosen depending on D and how to express 
qab, P"'^ in terms of A", tt^. Furthermore, one may ask whether the GauB constraint is sufficient 
in order to reduce to the correct number of degrees of freedom or whether there should be 
additional constraints. Consider first the case that the GauB constraint is sufficient. Then the 
extended phase space has DN configuration degrees of freedom of which the GauB constraint 
removes A^. This has to agree with the dimension of the ADM configuration degrees of freedom 
which in D spatial dimensions is D{D+l)/2. It follows N{D — 1) = D{D + l)/2. Next we need to 
relate {A^,K) ^ (gab,^"'^)- There may be many possibilities for doing so but here we will follow 
a strategy that is similar to the strategy of standard LQG. We consider some representation 
p of the corresponding Lie group G of dimension M > D and introduce generalised D-beins 
Ca, I, J, K, ... = 1, .., M taking values in this representation with g^b = ^iviJ^b- "^^^ requirement 
M > D is needed in order that qah can be chosen to be non degenerate and we furthermore 
require that it is positive definite. Here is a G-invariant tensor, i.e. p{g)K'niJPi9)L = Vkl- 
The existence of such a tensor already severely restricts the possible choices of G and typically 
G is simply defined in this way whence p will typically be the defining representation of G. 
We extend the covariant derivative Da to p valued objects by asking that Da annihilates the 
co-D-bein 

Daei = dael - Tl,ei + K]^e,^ = 0, (2.5) 

with the Levi-Civita connection F^j^. This equation defines the hybrid (or generalised) spin 
connection F". Here the denote the generators of the Lie algebra of G in the representation 
P- 
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The idea is now that KJ' := [A^ — r^Jvr^ is the expression for the ADM extrinsic curvature 
ydet(g)i^a^ Pa^ = -s^/det{q)[Ka'' - in terms of the new variables. However, there 



are several caveats. First of all, it is not clear that (2.5) has a non-trivial solution: These are 
D'^M equations for DN coefficients and thus the system (2.5) could be overdetermined. 
Secondly, even if a solution exists, will be a function of while we need to express it in 
terms of the momentum conjugate to A^. If there is no other constraint than the Gaufi 
constraint, then vr^ itself must be already determined in terms of which implies that M = N: 
The representation p has the same dimension as the adjoint representation of the Lie group. 
If one scans the classical Lie groups, then the only case where the defining representation and 
the adjoint representation have the same dimension (and are in fact isomorphic) is SO (3) or 
S0(1, 2) respectively, whence = 3. In this case, the equation N{D — 1) = D{D + l)/2 has the 
solutions D = 2 and D = 3 which can be shown to be the only solutions to this equation on the 
positive integers. 

In order to go beyond D = 3, we therefore need more constraints. We consider now the case of 
the choice G = S0(M + 1) or G = S0(1, M) which is motivated by the fact that these Lie groups 
under ly the Palatini formulation of General Relativity in M+1 spacetime dimensions. Following 
Peldan's programme, other choices may be leading, conceivably, to canonical formulations of 
GUT theories. We will leave the investigation of such possibilities for future research. For this 
choice we obtain N = M(M+l)/2 and thus presents D'^{M+1) equations for DM{M+l)/2 



coefficients. Explicitly 

daei - Vl^ei + Vi' ew = 0, (2.6) 
where all internal indices are moved with r/. Since ^ a(ij) = we obtain the consistency condition 

e{cidael) - r(c|a|6) = 0, (2.7) 



where qab = ^i^bi was used. It is not difficult to see that (2.7) is in fact identically satisfied. 



Therefore the D (M+1) equations (2.6) are not all independent, there are D {D+l)/2 identities 



(2.7) among them, reducing the number of independent equations to D'^[M + 1 — ^{D + 1)] for 
DA'I{M+l)/2 coefficients F^/j. Equating the number of independent equations to the number of 
equations yields a quadratic equation for M with the two possible roots M = D and M = D — 1. 
In the second case is an ordinary D-bein and F^/j its ordinary spin connection. In the former 
case we obtain the hybrid spin connection mentioned before. 

Let us discuss the cases SO{D) and SO{D + 1) separately (the discussion is analogous for 
S0(1, D—1) and S0(1, D) except that S0(1, D — 1) does not allow for a positive definite D metric 
and therefore must be excluded anyway). In the case of SO(-D) we have D^{D—1) /2 configuration 
degrees of freedom and D{D — l)/2 Gaufi constraints. In order to match the number of ADM 
degrees of freedom, we therefore need S = D'^{D-l)/2-D{D-l)/2-D{D+l)/2 = D'^{D-3)/2 
additional constraints. These must be imposed on the momentum vr"^'^ conjugate to Aaij and 
require that already determined by e^. Now has D^ degrees of freedom while vr"^"^ 

has D^{D - l)/2 so that exactly S de grees of freedom are superfiuous. However, there is no 
way to to build an object vr"^'' with tt"-^^-^^ = from e^: In order to match the density weight 
we can consider E'^^ = ^ det{q)q"'^el, but we cannot algebraically build another object from 

without tensor index in order to define vr"^'^ = v^^E"'^'^^. The only solution is that there 
are no superfiuous degrees of freedom, which leads back to D = 3. Now consider SO{D + 1). 
In this case we have D^{D + l)/2 configuration degrees of freedom and D{D + l)/2 Gaufi 
constraints requiring S = D^{D + l)/2 - D{D + l)/2 - D{D + l)/2 = D^{D - l)/2 - D 
additional constraints. The number of superfluous degrees of freedom in ir""^"^ as compared to 

is now also precisely S = D^{D + 1)/2 — D{D + 1). In contrast to the previous case, however, 
now it is possible to construct an object without tensor indices: If we assume that the D internal 
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vectors e^, a = 1, ..,D are linearly independent then we construct the common normal 

which satisfies e^n/ = 0, njn^ = where C = 1 for SO{D + 1) and C, = —1 for S0(1, D). Notice 
that nj is uniquely (up to sign) determined by e^. We may now require that 

tt'^^'^ = 27d^g"^n[^e^^ =: 2n^^ E^'^'^l (2.9) 

These are the searched for constraints on tt""^'^ and constitutes our candidate connection for- 
mulation for General Relativity in arbitrary spacetime dimensions D + 1 > 3. Since they 
require tt to come from a generalised D-bein, we call them simplicity constraints. Notice that 
D^{D - l)/2 - D = for D = 2. Indeed, 2 + 1 gravity is naturally defined as an S0(1, 2) or 
SO (3) gauge theory. 

2.2 Properties of the Simplicity Constraints 



The form of the constraint (2.9) is not yet satisfactory because the constraint should be formu- 
lated purely in terms of vr^^^The same requirement applies to the hybrid connection to which 
we will turn in the next subsection. 

Given tt""^'^ and any unit vector nj we may define E°'^['ir,n] := —C,'K"'^^nj. This object then 
automatically satisfies E°-^ni = 0. Furthermore we may define the transversal projector 

Vj[n] := 6'j - Cn'nj 7)'j = Q (2.10) 

and define 

7f'^":=f?i[n]f?i[n]7r'^^^. (2.11) 

In what follows, all tensors with purely transversal components will carry an overbar. We obtain 
the decomposition 

T^^iJ = Tt'^iJ + 2n^^E''\-^\ (2.12) 

It appears that the simplicity constraint now is equivalent to it"'^'^ = 0. However, there are two 
subtleties: First, at this point is an extra structure next to tt""^^ which is required to define 



(2.11). Therefore the decomposition (2.12) is not intrinsic and appears as an extra degree of 
freedom. It is therefore necessary to give an intrinsic definition of . Next, suppose that we 
have achieved to do so, then it""^^ constitute D^{D — l)/2 degrees of freedom rather than the 
required D'^{D — l)/2 — D while due to Efn^ = the Ef constitute only degrees of freedom 
rather than D{D + 1). 

To remove these subtleties, it is cleaner to adopt the following point of view: 
We consider -D-l-1 vector densities Ef to begin with such that the corresponding D{D + l)-matrix 
has maximal rank. From these we can construct the densitised inverse metric 

gab ._ EfE'}r]^-^, (2.13) 
which we require to have Euclidean signature as well as their common normal 

■= n, At77^ eu,..j,E-^'K.E-^'^, (2.14) 

which is now considered as a function of E. Notice that njn^ = ^. Therefore also fjj = fij[E] is 



a function of E. We can again apply the decomposition (2.12) and now have cleanly deposited 
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the searched for degrees of freedom into Ef. However, while is now intrinsically defined via 
Ej, the constraints vf"^"^ = are still D to many. We should remove D additional degrees of 
freedom from tt"'^'^ . To do so we impose a tracefree condition. Consider the object 

Ei:=QabE'\ QacQ''':=5l (2.15) 

It follows easily from the definitions that 

EiE] = 5l EiE'} = n'j. (2.16) 

Consider the tracefree, transverse projector 

PSkl[E] ■■= StnUrii^ - ^^E^^' E,^K n%- (2.17) 
Then for any tensor tt"'^'^ we have with vf^^'^ = P^^'l'^"'^'^ 

vf-^ := EaiTiT'^ = (2.18) 
and 7fy^"^n/ = 0. Notice that vff,^"^ has only D'^{D - l)/2 - L> de grees of freedom independent of 

We therefore consider in what follows tensors tt"'^'^ of the following form 

7r"^-^[£;, St] ■= + 2n^^[E] E''\^\ (2.19) 

where St and E are considered as independent parameters for vr. Notice that St can be 
constructed as P • S" from an arbitrary tensor 5"^'^. Such tensors can be intrinsically described 
as follows: 

Given vr, there exists a normal n/[7r] such that the following holds: Define -Ef" [vr, n] = —Qir'^^'^nj 
and vf'^^'^[vr, n] as above. Then automatically 

r'[iT, n] := vf^^-^lvr, n]Qafe[vr, n]E\[TT, n] = 0. (2.20) 

This is a set of D independent (since automatically it^nj = no matter what is), non- linear 
equations for the D independent (due to the normalisation n/n^ = Q components of n^. In the 
appendix, we study this non trivial system of equations further and show that it can possibly be 
solved by fixed point methods. At present we do not know whether at least tensors vr"^"' subject 
to the condition that C,'it°'^'' tt^j /2 is positive definite always allow for such a solution n^, however. 



we know that the number of possible solutions is always finite because we can transform (2.20) 
into a system of polynomial equations. In what follows, we will assume that the solution [vr] 
is in fact unique by suitably restricting the set of allowed tensors vr"^"^. This could imply that 
the set of such tensors no longer has the structure of a vector space which however does not 
pose any problems for what follows. 



On the other hand, we can prove the following for general vr 



alj. 
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Theorem. 

LetD>2> an(Q 

oah . ^ ^ „alj hKL /o \ 

where M is any totally skew [D — 3)-tuple of indices in {0, 1, Then 

5^ = V M, a, 6 ^ PbKL[T^,n] n''^^ = (2.22) 
for any unit vector n where Pl^^j^[TT,n] := [Pl^^j^[E]] E=E\nn] OL'^^d E°'^[i:,n] = —Qir'^^'^nj and 



bKLl 

where P[E] is defined in (2.11). Here we assume that Q'^^[ii,ri\ := n'^^^ n^^^r]jjnKnL is non 



degenerate for any (timelike for C, = —1) vector nj. 

This result implies that although S'^ are D{D + l)/2 {^^^) equations which exceeds D^{D — 
l)/2 — D for D > 3 only D'^{D — l)/2 of them are independent. The constraint = does not 
fix and makes no statement about the trace part 7f'^[7r, n] = 7f"^"^[7r, n]Eai[7r, n]. Given that the 
theorem holds for any n it is natural to fix n such that the trace part vanishes simultaneously as 
otherwise we would have only that tt"^-^ = 2E"[^7f"'] /(D-l) and not tt"-^"^ = or ■k''^-^ = 2n^^E"-\-^'^ 
on the constraint surface of the simplicity constraint. 

Proof. 
Obviously 

S'^ = ^ e^'^^^^5|^= ^4! (L>-3)!7r'^[^-^7r''^^] =0. (2.23) 



Given tt, consider any unit vector n and decompose as in (2.12) 



TT 



aij ^ Tt<^iJ[T^^n] + 2n^^E^\-^^[TT,n]. (2.24) 



Inserting into (2.24), we obtain 

^alU^bKL] ^ ^allJ-bKL] ^ ^^[I ^ia^ -b)KL] ^ q (2.25) 

Contracting with nj yields 

E(a[J^b)KL] ^ Q (2.26) 

Contracting further with Eaj yields 

{D - 1) [vf"^^ - = (D - 1) P^ff[jr, n]7r'^'-' = 0. (2.27) 



We conclude tt"^"^ = 2v^^ E'^\-^\ = {n^ — -J^tt''-^^ Ei,j) and inserting back into (2.23) we see 



that it is identically satisfied. □ 

The theorem therefore says that on the constraint surface tt"^"' = 2v^^E^\'^'^ for some vector 
V which is not necessarily normalised and not necessarily normal to E""^ but such that E°'^ , 
constitute D + 1 linearly independent internal vectors. We can however draw, for ^ = — 1, 
some additional conclusion from the requirement that Q"''' = tt"'^ tt'^ j / {2Q should have Eu- 
clidean signature. First of all, cannot be null since otherwise Q""^ oc {Efv^){EjV^) would 
be degenerate. If would be spacelike then consider Ef = Ef — EjV^vi/{v^vk)- It follows 
^aiJ _ 2y[iE"-\J] and oc E"-^&j. Since v^,Ef constitutes a {D + l)-bein and is spacehke 
while r] is Lorentzian, also Q""^ would need to be Lorentzian. Hence must in fact be timelike 
for C = -1. 



^For D = 2 no simplicity constraints are needed since D^{D — l)/2 — D — 0. 
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We may therefore absorb for either signature the normalisation of v into Ef and define 
m := vi/y/Cvjv-^ as well as = y/CvRV^ E^'-^fj^j. Then 2t;[^S"l'^l = 2n[^^"l-^l with ^'^■^n/ = 
0, n^nj = C- 



Therefore, the constraint surface defined via (2.21) is the same as the one given by tt^^'^ above, 
where we assumed that vr is of the form (2.19) and constitutes the unique decomposition of ir"'^'^ 



with no trace part. In what follows, we will use the simplicity constraint in the form (2.21) 



However, it will be convenient to have the presentation (2.19) at one's disposal when we work 
off' the constraint surface. 

Notice that the proof given above also in the case D = 3 does not allow for a "topological 
sector" tt""^"^ = ^u^l^k j^aL "degenerate sector" due to the non degeneracy assumption. 
This assumption is dropped in the alternative proof in [28] which is based on [39] which is why 
the topological sector does appear there. 

2.3 Integrability of the Hybrid Connection Modulo Simplicity Constraint 



The hybrid connection is defined via (2.6) on the constraint surface = 0. We want to define 
an extension off the constraint surface such that the resulting expression is integrable, i.e. is the 
functional derivative Taij = 6F/Stt°'^'^ of a generating functional F = F[tt]. To that end, we 
need the explicit expression of Taij in terms of . 

To begin with, we notice that DaU^ = 0. To see this we consider its D + I independent 
components njDan^ = ^Da{n^ni) = and e^Dan^ = —n^Dacl = 0. We decompose 

Taij = faij + 2n[^f „| J] , f = -Cr aijn^ (2.28) 

and further 

falJ =fabce'}e'j, fai = fabe'}, (2.29) 
with = q^^ebi, q°'''qcb = Qab = eicbi- We find 

f a6 = -Qnidaei, fahc = ^bac " ebidae^, (2.30) 

where Fbac = QbdX'i.c is the Levi-Civita connection. Combining these formulae, we obtain 

^aij[E] = -[vkii + (nx n^i\e^j^daef + r^ce6[/e}] 

= Cn[/5anj] +efc[/aaej] +r^ce6[/e}], (2.31) 

where we used here and will also use frequently later nxdaE^^ = —E^^danx, n^daUK = and 
To write Taij in terms of vr"^'^, we notice the following weak identities modulo the simplicity 
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constraint, that is vr"'^'^ « 2n^^E"'^'^, 

[n^E'^' - n'E-''] [riKEaj - njEax] 
Dn^nj + Cr/j = {D - l)n^nj + Cr/j, 



QabT^ T^KJ 



QbdTr'^^ [I vr^ij] 



[n^'E^^i - E^n^i] [E'j^uk - nj^E'k] = C E^iiE'}^ = C efe[,e}], 
[n'^E.^r - eS[i] da [E^uk - nj^Ej,] 



-n 



K 



E,[j [nj^idaE'k) - {daE}^)nK] 



\M\L] 



+E^n^j [{danj^)E%-E^danK)] 

{D - l)n^i{dan^) + E.^inj^EUdan'') + CE,yi{daE'j^) 

{D-2)nyi{danj^) + (:E,^i{daE^j^) 

{D - 2)n[i{danj]) + Cec[/(5ae}]), 

C^ifiVjfblKdaei] 



Consider the quantities 



^bK 



rpc 

^bij 



T^bK[lT^ J]; 



TalJ '■= TTbKlldaTT J], 

where TTaij = Qab^^u- ^hen 

{D - l)n[idanj^ = Taij - T^/j, {D - iXe^iidae)] = Taij + {D - 2)f aij. 
Inserting ( |2.33 ) and (2.34) into (2.31) then leads to the exphcit expression 



'^C rp , C{D — 3) ^ 

-J^alJ H f; —J-alJ + CI aJblJ- 



(2.32) 
(2.33) 
(2.34) 

(2.35) 



D-1 D-l 

Together with Q'^^ =: det{q)q"-^ which expresses F^^ in terms of Q"^ = ir'^^ tt^j j / {2Q , this deter- 
mines Taij completely in terms of vr"^"^ if we simply replace the ~ signs in (2.32) by = signs 
and take the left hand sides as definitions for the right hand sides. 



It transpires that Taij is a rational, homogeneous function of vr and its first derivatives which 
vanishes at vr = 0. Therefore, if ra7j[7r] has a generating functional, then it is given bjj^ 

F'[7t]= I d^XTT'^" FauiTT]. 

Variation of F' with respect to vr"^'' yields 

6F' = f d''x{57T'''-'Taij[7T]+n-'-'6raij[7r]) 



(2.36) 



J d^x (J^'^" r„,j[7r] + 7:'''\5Taij[E] + 5S',ij]) 
+ j d^'x (S'^" dTaij[E] - Stt'^'-' S'^jj) , (2.37) 



^If a one form Tm is exact, i.e. has potential U with Tm = U,m then U{n) — [/(ttq) = T for any path 

Ttto.tt between ttq and tt. If F is defined at tto = to vanish then choosing the straight path t i-^ tn yields 
U{tv) = const. + /q dt-K^'VMit-K). 
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where S"^-^ := tt"-^-^ - 2n^^ E''^-^ and S'^jj := Taij[7T] - Taij[E] both vanish on the constraint 
surface of the simpHcity constraint. We see that F' itself cannot be a generating functional but 
rather 



F' 



alji 



(2.38) 



i.e. F' has to be corrected by a term that vanishes on the constraint surface of the simplicity 
constraint, however, its variation does not necessarily vanish on that constraint surface. It 
follows that 5F/5'K°'^^ = Taij + Saij for some Saij which vanishes on the constraint surface of 
the simplicity constraint provided that 

j d^xn^^E''\^^5Taij[E] = j d'^ x^/dei{q)n^^ e''^^^ 5Taij [E] = 0. (2.39) 

This is the key identity that one has to prove. It is the counterpart to the key identity that is 
responsible for the fact that the Ashtekar connection is Poisson commuting in D + 1 = 4. The 
reason for the correction F' ^ F \s that r(j/j[7r] is not strictly integrable but only modulo terms 
that vanish on the constraint surface of the simplicity constraint. 



We proceed with the proof of (2.39). It is easiest to use (2.28) - (2.30). We have, using 

-e^SriK and that Ta{hc) = 0) 



riKSn^ = 0, n^Jef 



5{2n^ifa\j]) = 2n^'e''\-^\ni{5faj) + faj6ni)] 



5{nj{daei)e'i) 



n 



IJ 



e^'6{ei{danj)e\) = e'^' 5{f)jdanj) 

-[e'}{daei)-TM{5n') 
-[e^idaiey,) - eiidae'j) - T^.e?] {6n^) 
-ieWvi) - (Vae?)](5n^) = [V.e?] [6n'] 



(2.40) 



where is the torsion free covariant differential annihilating Qat (it acts only on tensor indices, 
not on internal ones). We conclude 

d^xn^^E''\'^UTaij[E] = j d^x ^ydet{q)Va[ej6n^] = j d^ xda{Ef5n^) = Q (2.41) 

for suitable boundary conditions on £"1 and its variation^ 

We therefore have established: 
Theorem. 

There exists a functional F['it\ such that for 5n^ vanishing sufficiently fast at spatial infinity, we 
have 

5F[7r]/d7r'^"(x) = TaiATT; x) + SaiAn; x), (2.42) 

where Saij vanishes on the constraint surface of the simplicity constraint, depending at most on 
its first partial derivatives and ra/j[7r] is the hybrid connection (2.35). 



^For instance one could impose that ni deviates from a constant by a function of rapid decrease at spatial 
infinity. 
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3 New Variables and Equivalence with ADM Formulation 



We consider an G = SO{D + 1) or G = S0(1, D) canonical gauge theory over a with connection 
Aaij and conjugate momentum ir"'^'^ . These variables are subject to the canonical brackets 

= 2f]5'jfj6'}/''\x - y), {Aaij{x),A,KL{y)} = K^-'lx), 7r^^^(y)} = 0, 

(3.1) 

as well as to the GauB constraint 

G^-^ := Vair''^-^ = daTi''^-^ + 2A\^ k vr'^'-^l'^l (3.2) 
and the simplicity constraint 

aab ^ alj bKL (n o\ 

Internal indices as before are moved by the internal metric tj which is just the Euclidean met- 
ric for SO{D + 1) (C = 1) s-iid the Minkowski metric for 80(1,1?) (C = —1). We have for 
g £ SO(C,-D) that g^-^g^^rjKL = V^'^, det((/-^)) = 1. The covariant differential Va of A acts 



only on internal indices. This does not affect the tensorial character of (3.2) because vr"^'^ is 



a Lie algebra valued vector density of weight one and (3.2) is its covariant divergence which is 
independent of the Levi-Civita connection. The real parameter /3 7^ in (3.1) is similar to, but 
structurally different from the Immirzi parameter in D = 3. 



Let ra/j[7r] be the hybrid connection (2.35) constructed from vr. We define a map from this 
Yang-Mills theory phase space with coordinates {Aaij,7^°'^'^) to the coordinates {qab^P""^) of the 
ADM phase space by the following formulas 

det((?)g'^^ := ^vr'^^'^ ^Sj, (3.4) 

The central result of this section is: 
Theorem. 

i. Gaufi and simplicity constraints obey a first class constraint algebra. 

a. The symplectic reduction of the Yang-Mills phase space defined above with respect to Gaufi 
and simplicity constraints coincides with the ADM phase space. More in detail, the functions 



qabb^], P°'''[A,7:] defined in (3.4) are Dirac observables with respect to Gaufi and simplicity 
constraints and obey the standard Poisson brackets 

{qab{x),P'''{y)} = SIX) ^^""H^ - y), {qab{x),qcd{y)} = {P''\x),P'''{y)} = (3.5) 

on the constraint surface defined by simplicity and Gaufi constraints. 

Proof. 
i. 

Since only depends on tt""^'^ , it Poisson commutes with itself. The GauB constraint of course 
generates G gauge transformations under which A transforms as a connection and vr as a section 
in an associated vector bundle under the adjoint representation of G. The Poisson algebra of 
the smeared GauB constraints is therefore (anti-)isomorphic with the Lie algebra of G 

{G[/],G[/']} = -m[fJ% G[f] := J d^x \fuG'', [fj'hj = 2f[j '^flj.^jy (3.6) 
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Under finite GauB transformations we liave 

-k"^'' ^ bTr^^-y-^. (3.7) 
Since G = S0{(, D) is unimodular we obtain 

■^M ^ C 5m ^s^, 9M^=Yi gM,""^. (3.8) 

i=l 

It follows the first class structure {G, G} oc G, {G, S} oc S, {S, S} = 0. 
ii. 

The hybrid spin connection Taij[E] is a G connection by construction. Its extension ra7j[7r] off 
the simplicity constraint surface therefore transforms as a G connection modulo the simplicity 
constraint. Since both vr"^"^, Kaij := j^{Aaij — ^alj) transform in the adjoint representation of 
G it is clear that Q"^ oc Tr(7r"7r''), oc Tr(is:a7r*) are in fact Gaufi invariant, possibly modulo 
the simplicity constraint, and thus are Qab, P^^- Since and qab are both constructed from 
tt""'^"^ alone it is clear that they strictly Poisson commute. As for P"** we notice that it is a linear 
combination of the objects 

i^a^=-^ [AalJ-TalM'J, (3.9) 

with coefficients that depend only on ^afe- While the notation already suggests that Ka ^ is 
related with the extrinsic curvature, note that as it is defined here, Ka ^ has density weight one. 
It is therefore sufficient to show that {Ka ~ 0. We compute with the smeared simplicity 

constraint and using that ra7j[7r] depends only on tt"^"' 



{Ka'ixlSif]} = I d^yf^{y){Ka\x),S^{y)} 



s 



J d^y (y) tt'^^x) e^scDM {^/^(x), 7r<=^^(y)7r'^^^(2/)} 



16/3 

It follows that P""^ Poisson commutes with the simplicity constraint on its constraint surface. 



= -./,^(x)4^5f(x). (3.10) 



It remains to verify the ADM Poisson brackets. 

Since qab{x) depends only on 7r"^"'(x) we have trivially {qab{x) ■, Qcdiy)} = 0. Next, using 
^ab ^ Qaf'/det(g), det(g) = [det(Q)] V(^-i), we find 

{qab{x),P"'{y)} = 2sqae{x) qbfix) {q'^ix), (g^(= Kn^''^d^^){y)} 



~[Qaeqbf]{x) [g^(%['')^-^<5,^l](y) 



9 
X 



-{Q'f{x),Af,ij{y)} - -F^Q^nix)q'^{x){Q"'''ix),Ahij{y)} 



_det{q)'^ ' D-1 
-^5(^)(x - y) qae qbf q'^^Tr^^^'^d^^ X 



1 

2C 



5^^\x - y) qae qbf q^^^ ^^^^^5^1^ + q^'^^l^^ - -^g^n^l^^lgl'^^l'^l^fl 
5(^)(x-y)5^A') (3-11) 
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by carefully contracting all indices and keeping track of the (anti)symmetrisations. 
The last bracket is the most complicated. We write 



pab _ p°-^^^J X^jj pabelJ _ \q9{a -j^Wl^J 

1 ^ 



(3.12) 



and compute 



P-'''-'{x){K,ij{x),P^f'''^{y)}KfKL{y) 
-P^f'''^{y){KfKL{y),P'''''-'{x)}K,ij{x) 

+pabeIJ^^^ pcdfKL^y^^j^^^j^^^^j^^^^^y^^^ 

\{P''\x),q^^\y)}i,^'')^H^^ KfKLiy) - l{P"'{y),q'H^)W'^''6f K,ij{x) 
-^^'^"^'^^(y) q'^%x){AfKL{y),7r^'^''{x)}Sf Keuix) 

1 



/3' 



:P 



abelj , 



x) P^'f^^iy) [{A,u{x),TfKL{y)} - {AfKL{y\T,u{x)}] 



2s 



-2s 
1 



__pabeIJ^^^ pcdfKL^y^ ^{AeIj{x),TfKL{y)} - {Af KL{y) ,r,I J (x)}]. (3. 13) 

By carefully carrying out the contractions, it is not difficult to see that the first two square 
brackets in the last equality are each proportional to 



qadj^[bc] _|_ qbdj^[ac] _|_ ^ac^[&d] _|_ qbcj^[ad\^ j^ab ._ q"-<^Xc ^. 



(3.14) 



We claim that ETI"^! is constrained to vanish by the Gaufi constraint. To see this, let V'^ be the 
covariant differential of A which acts also on tensor indices and let Da the covariant differential 
that kills the generalised D-hem. Then the Gaufi constraint reads 

G'' = Val^"'' = = Pa - DaK'' + ^a^"" « [(^ " ^)a, Vr"]" = /3[i^a, T^^Y' , (3.15) 

where we used that on the constraint surface of the simplicity constraint we have DaTT^^^ = 
2Dan^^E''W = 0. With the convention Kai := -(Kauri'^ we obtain for the Gaufi constraint 



Gij = 2;3K„^[,7r« j]^«2/3if„i[,(nj]£;"-^-£;}]n-^) 
= -2CPKaiiE'}^ + 2pK[rnj] =: Gij + 2n[jGj], 



(3.16) 



where Kj = E KaLi is the trace part of Kaij. It follows that Kj = and Ka[iEj^ = on the 
Gaufi constraint surface. Now 



Therefore K^"-^^ = [K^'^'^ Ed Ecj]E°-^ E^"^ vanishes on the Gaufi constraint surface. 
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We now turn to the last square bracket in (3.13). It is a linear combination, with coefficients 
M depending on qab, of expressions of the form 



Mf ^(x)Mf^(y)7r/^-^(x)^'^^^(y) [{A,ij{x),TgKL{y)] - {AgKL{v),T,u{x)]] . (3.18) 

We now invoke the key result of the previous section and write Taij = 5F/5tt"'^'^ + Saij where 
SalJ vanishes on the constraint surface of the simplicity constraint and depends at most on its 
first partial derivatives. It is therefore given by an expression of the form 

C \M amn , ,,Mp o amn /n i n^ 

for certain coefficients A, /i. First of all, we notice that due to the commutativity of partial 
functional derivatives 

{Aeij{x),5F/57:3^'^{y)} - {AgKL{v),5F/57i^'\x)} = 0. (3.20) 

Next, due to the derivatives involved, the Poisson bracket is not ultralocal, however, what we 
intend to prove is that {-P[/],-P[/']} with the smeared functions P[f] = f d^xfgbP"'' . Let 



Mf = fahMf"", M'^ = Mf^f'^^, then the contribution from SgKL in the first term of (3.18|) 
becomes after smearing 



d^x I ci^yM|(:r)^/^^(x)(M;;3vr^^^A*i^_-[M>'^^Vjl"L,nJ,p) {Aeij{x), S^-{y)} 
0, (3.21) 



where (3.10) was used. The calculation for the second term is similar. In conclusion, {P"'^{x), P^'^(y)} 



vanishes on the joint constraint surface of the GauB and the simplicity constraint. □ 

4 ADM Constraints in Terms of the New Variables 

It remains to express the ADM constraints in terms of the new variables. Of course we could 



just substitute for the expressions (3.4), however, this is not the most convenient form for the 
ADM constraints because they involve the hybrid connection which is a complicated expression 
in terms of vr. We will therefore adopt the strategy familiar from D + 1 = 4 and invoke the 
curvature F of A. In the end, we will arrive at expressions Ha, T-L for spatial diffeomorphism and 
Hamiltonian constraint which differ from their counterparts T-L'^,T-L', obtained by naive substitu- 



tion of Qab, P""^ by (3.4) in (2.2), (2.3), by terms proportional to Gaufi and simplicity constraints. 
This guarantees that the algebra of Gaufi, simplicity, spatial diffeomorphism an Hamiltonian con- 
straints is of first class: 

To see this, let us write Ha = T~i'a~^Za-, H = T-L'+Z where Za, Z vanish on the constraint surface of 
the simplicity and Gaufi constraint. We have seen already that {5, 5} = 0, {G, S} oc S, {G, G} oc 



G. We also have shown that (3.4) are weak Dirac observables with respect to S and invariant 



under G. Since T-L'a-,T~L' are defined in terms of (3.4) it follows that {3^%'^} oc 5", {S, "H'} oc S 



Altogether therefore {SjT-La], {3,11}, {G^T-La], {G^li.} oc S,G thus S,G form an ideal. Next 
we have {n'^, %} oc W^, S, G, {n'^, %'} oc W , S, G, {%' , %'} oc W^, S, G because the algebra of 
the variables ( |3.4| ) is the same as that of the ADM variables modulo S, G terms and therefore the 
algebra of the ADM constraints is reproduced modulo S, G terms. Together with what was al- 
ready said, this implies that Tia, 'H reproduce the ADM algebra of constraints modulo S, G terms. 
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We begin by deriving the relation between the hybrid curvature 

RablJ 



^aJK^b ^ I 



(4.1) 



and the Riemann curvature of qab- Let Va be the covariant derivative compatible with qab- Then 
we have by definition Dacl = VaC^ + Fa ^ je^ = 0. Expanding out D = V + F in the commutator 
relation [Da,Di)]e^^ = and using [Va, Vfe]e^ = Rabc '^e^ we find 



Rabc + Rab ^ jei = 



Rabcd = Rabljeiej. 



(4.2) 



This relation looks familiar from the spin connection, but we stress F^/j is not the spin connec- 
tion because ei is not a D-bein. We obtain modulo 5 for the Ricci scalar 



7? ^alKb J 
RabljT^ TT K 



-.K Tpal 



bj 



Next, using ( |4.2[ ) 

RabU^^^^ ~ 2Rabijn^E^J = 2q^''y/det{q)RabiWei = -2q^'^<lei{q)Rabc '^e^m^ = 0, 
which is the analog of the algebraic Bianchi identity. 

We now expand the curvature 



(4.3) 



(4.4) 



FablJ ■= 29[a^b]/J + AalK Af, ^ j 



AaJK Ah ^ 



of ^4 = F + 13 K in terms of F, ii' and obtain 

EablJ = RablJ + 2f3D[aK^jj + 2f3'^K[aIK Kb] ^ J) 



(4.5) 



(4.6) 



where torsion freeness of V = D — F was employed. Contracting (4.6) with vr we find using 

FabijTr"'-' « 2f3{D[,Kh]ij)7r''' - f3^Tri[Ka, Kh^). (4.7) 

The second term is prop ortional to the Gaufi constraint because Ti{[Ka, Kblir^) = Tr(i^'a[i^;,, vr^]) 
and remembering (3.15). In the first term we notice that Dai^^^^ w so that 



is proportional to the spatial diffeomorphism constraint modulo S, G. 



(4.8) 



Next, using (4.3) 



ci„b\ 



-C det{q)R + 2/3D,Tr(K5K, vr"]) - (3'TT{[Ka, Khjir^Tr' 



(4.9) 



The second term is again proportional to the GauB constraint, since Tr(K^f,[7r", vr^]) = —TT{7r"'[Ki,, vr 
So far all the steps were similar to the 3 + 1 situation. The difference comes in when looking at 
the third term in (4.9) 



[KaiKK, ^ J - KMKKa ^ j] W E'^^ - n^^E^'] [n^E^-^ - E^] 



C[-{KaiKE-'){Ku ^E"') + {KMKE'''){Ka.j ''E'')]. (4.10) 



K TpbJ\ 



By the Gaufi constraint (3.16) we have Kj = KajiE'^'^ = (^[Kjn'']nj and Kjn 



-KaljTT'^'-^ /2 



2sK^. Thus the first term in (4.10) is given by 4[i('"]^. However, the second term cannot be 
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written in terms of K^. To explore the structure of the disturbing term we notice that from 
Kj = we have the decomposition 

Kaij = Kjjj + 2rnjK,\j], Kai = -QKaijn'^ . (4.11) 

Hence 

-aKMKE'^'){Kaj ""E"') = -({K^jkE'"' - KtiE-'nK){KL E'' - KajE^'n'') 

= -Q{kI,kE-'){kIj ^E'^J) - AK'^K^, (4.12) 

where KaiE^^ = -QKaijE^^n-^ ^ KaijTr''^-^ /{2C) was used. Altogether 

- Tr{[Ka,K,]n'^n') = -A[K',K-, - [K^f] - CiK^jKE^'){Kjj ^E^'). (4.13) 



The first term in (4.13) has the structure that appears in the Hamiltonian constraint and can 
be written in terms of P"'^,qahi however, the second term does not appear in the Hamiltonian 
constraint and must be removed. Also notice that the Ricci term has sign —C, while the first 
term has negative sign. If we are interested in Lorentzian Gravity then the relative sign between 
these two terms should be negative which is not the case for the choice of a compact gauge group 
= 1. Therefore the expression (4.9) fails to yield the Hamiltonian constraint for several reasons. 

To assemble the Hamiltonian constraint without making use of F, the idea is to consider covari- 
ant derivatives which give access to A. Using suitable algebraic combinations then yields the 
desired expressions. To that end, let again be the covariant differential of A acting only on 
internal indices and let be its extension by the Levi-Civita connection. Consider 

Db " := vr'^^j (PfcTT^'^^) t:cKL = vr'^^j (P^vr^^^) vt.kl - vr.xL rj,>'^l-^^. (4.14) 

The second term equals modulo S 

- 2[n^i?} - njE-''] [ukE.l - n^i^ex] r[>^l-^^ = -2C E^j i?cLr[>'^l-^^ « (4.15) 

and thus vanishes modulo S. Writing = [D'^ — Da] + Da and noticing Da'K^'^^ ~ we obtain 

J (P,^^^^) VTeKL « CPE'}E,l[K,-^ M^''''' +K,'^ M^''""'] 

« QPE'}E,L[Kk' mE-'^u^ -K,"^ mE^'u^'] 

= -P{D-1)E''^ Kbj = 2sCP{D-l)Kb''. (4.16) 



It follows that 



T^^lDb "Da'- {D, '^f] ^ 4/32[K, -Ka"- {K-,f] (4.17) 



and thus linear combinations of (4.9) and (4.17) can be used in order to produce the correct 
factor in front of the term quadratic in the extrinsic curvature. 



In analogy to (4.14), consider 
The second term equals modulo S 

2^_gM^r|,"^^]^] = (-^rg^^^[^)^«-^] (4.19) 
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and thus is pure trace. Since we intend to cancel K^jj we therefore consider instead of (4.18) 
its transverse tracefree projection 



D^t'' ■■= [Ptt ■ Df'J, [PTT]fA = StfjlKvi] 



(4.20) 



under which (4.19 ) drops out. The projector Ptt can be expressed purely in terms of vr'*^'^ using 

(4.21) 



(l232l) and 



We continue using again Dair ~ 



D: 



alj 

T 



PPttItt 



Ami 



Notice that the last line is indeed tracefree and transverse. We write (4.22) as 

£)aIJ ^ P_paIJ,bKL paIJ,bKL ^ ^^pb[I -J][L paK] 



(4.22) 



(4.23) 



The tensor F''^-'^^^^ can be seen as bilinear form on transverse tensors of type Kaij and has 
the following inverse 



{E ^)aIJ,bKL = ^[Qab'n[K\[l'nj]\L] - '^Ei,[jrij][x E^L]], 

that is [F ■ E-^fj/^ = S^fjfj^fily Using (|2.32|) and 

M 



EalEbJ ^ Cb^alMT^bJ - CQabUlTlj], 



(4.24) 



(4.25) 



is completely expressed in terms of . The quadratic combination of K to be removed 
from (4.13) can now be compactly written as 

E'^RL.rE'^'KTr = E'^^n''^^^'E^-^^KL..K^r. 

':E' 



C T^alNfiJM f>T f>T A C /77-l\ nalj f\bKL 

J^alNJ^hJM = ^lySy^ )aIJ,bKLJ^T E>t ■ 



(4.26) 



--aii\ --UJ ivi 

We now have all the pieces we need. The appropriate Hamiltonian constraint for spacetime 
signature s is displayed in (2.3). We find 



^/d^)n =C Emj^^'^'t^'k' + {E-\ij,bKL Dlf"^ + 



1 



(D-l)2 



/32 (Z)- 1)2 



[Db'^Da' 



(A 



c\2i 



(4.27) 



This expression simplifies for s = C and /3 = 1 in which case the terms quadratic in Df, " precisely 
cancel. This is again similar to the situation in 3 + 1 dimensions. This special situation can also 
be obtained more directly starting from the Palatini formulation as we will see in |28j . 
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5 Conclusion 



In this paper, we succeeded in constructing a Hamiltonian connection formulation of General 
Relativity in all spacetime dimensions D + 1 > 3 based on the gauge group SO{D + 1) or 
S0(1,Z)). In addition to the usual Gaufi, spatial diffeomorphism and Hamiltonian constraints, 
there are simplicity constraints that dictate that the momentum conjugate to the connection 
is determined by a generalised D-hein. The theory can be constructed for all four possible 
combinations of the internal (C) and spacetime (s) signature. This is especially attractive with 
an eye towards quantisation because unique [T8j background independent representations of 
spatially diffeomorphism invariant theories of connections with compact structure group exist 
in any dimension and have been studied in great detail (see, e.g., [TTj and references therein). 

The techniques for quantising Gaufi, spatial diffeomorphism and Hamiltonian constraint that 
have been developed in 3+1 dimensions generalise to arbitrary dimensions as we will show in [29]. 
The simplicity constraint provides a challenge. A similar kind of constraint plays a prominent 
role in Spin Foam models [Ml SD US] and various proposals for its quantisation have been made. 
The problem is that the quantum simplicity constraints tend to be anomalous. This is due to 
the fact that the classically commuting vr'^^"^ become non commuting after discretization (Spin 
foams) or introduction of a singular smearing (canonical approach), a property which is then 
shared by the corresponding operators in the quantum theory. In |30] we propose some new 
strategies for how to make progress on this issue. Eventually, the solution of the simplicity 
constraint will consist in a restriction on the set of labels for spin network functions. 

The application of interest of the present work is of course in higher dimensional Supergravity 
theories. Here we have to face two new technical challenges: For Lorentzian Supergravity the 
action is formulated in terms of a Lorentzian internal metric which would naturally imply the 
choice S0(1, D). Hence, in order to keep SO{D + 1) we must carefully disassemble the S0(1, D) 
Clifford algebra and reassemble it into an SO{D + 1) Clifford algebra which turns out to be 
possible. The second challenge is that higher dimensional Supergravity theories depend next 
to the Rarita-Schwinger field also on higher p-form fields for which background independent 
Hilbert space representations first need to be developed. 

While many interesting technical issues are not settled by our analysis, the present work 
and its continuation in the companion papers hopefully contribute to the development of a non 
perturbative definition of quantum (Super)gravity in any dimension. 
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A Independent Set of Simplicity Constraints 

The result that one would like to prove is as follows: 
Theorem. 

Let tt""^^ be a tensor antisymmetric in I,. J and a = !,..,£); I, J = + 1 subject to the 

condition that for any non zero vector the D vectors tt"; tt"^ := — C^r"^ jn^ are linearly indepen- 
dent. Then it is possible to construct a tensor Ef = Ef [tt] with the following properties: 
Let = 77.^ [tt] be the unique normal satisfying Efn^ = 0, n^n'^rijj = ^ where ( corresponds to 
the signature of rj. Let Tt"-^-^ = f)^^ 77^ vr"^^ with the transversal projectors fij = ^j — C^^ ^J- 
Then vf"^'^ = ttj/'^ is automatically tracefree with respect to E, that is, it""^^ Eai = where Eai 
is uniquely defined by E"-^ Eaj = fjj, E"-^Ebi = 6^. Furthermore ■k"'^'^ = tt"-^"^ + 2n^^E°'^'^. 

In what follows we describe some ideas towards a possible proof. 

Given vr"^"^, let be any unit vector to begin with and construct fjjj as above. Define 

E°-^[TT,n] := —(ir'^^jn'^. Notice that automatically E"'^ni = 0. Then we obtain the decom- 
position 

^alJ ^ -alJ ^ 2n^^E''\^. (A.l) 
It is interesting to note that the non zero vector (due to the assumed linear independence) 

Ni[7T,n] := eij,..Jo^a,..ao S^^-^Htt, n]..^^'^^"^^ [tt, n] (A.2) 

coincides up to normalisation with n/ no matter what tt is. Furthermore 

T^'^NiNj = C det(Q); Q"'' := r^'^E'iE), (A.3) 

where C, = ±1 if ry has Euclidean or Lorentzian signature respectively. In particular, we verify 
that for = — 1, the vector Nj is timelike, null or spacelike if and only if nj is. 
The tensor Eai{T^,n] is given, up to normalisation, by 

Eal oc -eu,..Ju eaa^..au n^' E'^"^' ■■ (A.4) 

The condition that tt"^"^ be tracefree with respect to E becomes 

TT^^-^Eai = [tt"^-^ - 2n^^E"-\'^] Eai = tt"-^"^ Eai + D n'^ = 0. (A.5) 

We can reformulate this as the condition that ir^'^^Eai is longitudinal, the coefficient of propor- 
tionality then follows from the normalisations. We define the tensor 

which is totally symmetric in Ji, .., Jjj and only depends on tt, not on n. In terms of this tensor 
the tracefree condition becomes 

■K'^^Eai OC n-^2_.n-^° oc n"^. (A.7) 

Using the normalisation condition we can write this as the equality 

This is a system of D independent non-polynomial equations of order D+2 for the D independent 

unknowns n^, I = 1, .., D; n^'^^ = ity'^l — CX]/Li(^^)^- We can turn this into an equivalent 
system of D -|- 1 homogeneous, polynomial equations of order D + 2 hy 

i^JiiJz..Jo+i "J2 n-'^ ■■ "■^°+' = ni •• (A.9) 
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which leaves the normahsation of undetermined. 

Up to this point, n was just an extra structure independent of and next to vr. The idea is 

n^[7r] would 



now to fix in terms of vr by solving the system (A.8). Having determined 
then yield the desired tensor i?"-'^[7r] 



i[7r]]. However, it is far from clear whether a 



solution exists, nor that it is unique, although the number of independent equations matches 
with the number of degrees of freedom to be fixed. Being polynomial, it is clear that complex 



solutions of (A. 9) exist, but the system of equations is far too complex in order to see whether 



real solutions exist. Hence to secure at least existence, we must resort to different methods. 



Since the polynomial formulation (A. 9) is of no help, we stick with (A.8). We write it in the 
form 



n 



c- 



fl{n) = Kj^ j.^„jj- 



n 



Jd+1 



(A.IO) 



'njfJ{n)' 

This equation takes the form of a fixed point equation x = f{x). In order to apply established 
theorems, (A.IO) is not useful because fixed point theorems typically are for compact sets and 
the right hand side of (A.IO) has not manifestly bounded range, especially for signature ( = —1. 



Consider instead the function 



F\n) := \\n\\ [2 



n 



I fin) 

'ii/(n)ir 



(A.ll) 



Notice that we use the Euclidean metric in both numerator and denominator also for the case 
C = —1, i.e. ||n|p := 5ijn^n^ . Let us now restrict to the compact (closed and bounded) and 
conve (Z) + l)-ball 

Bd+1 := {n G M^+^; diju^n-^ < 1}. (A.12) 



The map (A.ll) is a continuous map from S/j+i to itself. To see this, notice that 7^ 

except at ||n|| =0. This follows from the identity 



(A.13) 



which for C, = 1 and for C, = —1 and n not null shows that ||/|| 7^ unless ||n|| = 0. For 
Q = —1 and n null we have in fact // = 771/ with 7 7^ 0. To see this, notice that the span 
of the E°'\ a = 1, ..,D contains . Introduce some basis of the orthogonal complement, say 
6^, a = 2,..,D and let b{ = so that rujb^^b'lj = 6a/s, a,f3 = 2,..,D and b{bai = 0. Then 
we have an expansion E""^ = r"'°'b^^ with det(r) 7^ due to linear independence by assumption. 
Next, there exists 7 7^ such that 



eiJ^..Jnbi\-bi°^ 



ai..Q!£) 5 



(A.14) 



since the 6q, are linearly independent and the left hand side of (A.14) is orthogonal to all of 



Suppose that | |it| 
i + (1 — s)v\\^ = s' 



< 1 then 



+ (1 - s) 



2s(l 



s) < u,v >< s'^l lul P 



< 1 



for any s G [0, 1] due to the Cauchy Schwarz inequahty. 
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them, hence it must be null. We can therefore compute 



-761 



nje. 



a\..aD 



ir 



0.2012 r^aoao 



■ ..r 



7ei 



au ' 



Q!2--aD^ai-<il3 
7eia2-aD^/3/^^/3o2..aD-l det(r) 

7[(i:»- 1)!] det(r)n/. 



..r 



(A.15) 



It follows that (A.ll) is everywhere well defined except possibly at 



|n|| = where the 

fraction f{n)/\\f{n)\\ is ill defined. However, due to the prefactor ||n|| we see that F{n) := at 
II rail = is a continuous extension. Next 



|F(ra) 



|ra||(2-||n||) = l-[l-|H|]2G[0,l], 



(A.16) 



hence F maps i?D+i to itself. By the Brouwer Fixed Point Theorem [13] applicable to compact 
convex subsets of Euclidean space, it has a fixed point, that is, the equation = F^{n) has 
at least one solution, a fixed point = n{[7r]. Unfortunately, this is not very helpful because 
n = is a trivial fixed point and the Brouwer fixed point theorem does not tell us anything 
about the number of fixed points, hence it could be that ra = is the only one. However, notice 
that ||F(ra)|| > ||n|| and ||F(n)|| = ||ra|| 44> ||n|| = 1. This suggests that if a fixed point can be 
found by iteration Uf^j^i := FinjS) then it will lie on the sphere . Indeed for ||ra|| = 1 the map 
F maps to itself. 

In order to see whether a fixed point can be obtained by using iteration methods we estimate 
for rai, n2 G 



||F(ni)-F(ra2)||^ 



2[1 



< /l,/2 > 
ll/lll II/2II 



]] 



< 



ll/lll II/2I 
II/1-/2II 
ll/lll II/2I 



-[II/1-/2IP- [ll/lll -IIMIf] 



Now 

It follows Djjn 
inequality 



Dij := dfi/dnj = [kjij^„j^ + {D - l)Kijj^„j^]n ^..n 



(A.17) 
(A.18) 

— Dfj. For ra2 sufficiently close to ni, we obtain with the Cauchy Schwarz 

(A.19) 



and for 



ra 



11/2 - /ilr ~ \\D{ni)[n2 - ni]\\' < Tt{D' {ni)D{ni)) ||ra2 - m 
1 again due to the Cauchy Schwarz inequality 

I 



(A.20) 



Thus the right hand side of (A.17) is given by (?(ra-i, ra2)||ra-2 — ra-i|p, where q{n,n) > D^. Hence 
F fails to be a contraction map and we cannot invoke techniques familiar from the Banach 
Fixed Point Theorem [43J in order to prove existence of a fixed point as this would need 
suPni n2 ^(^1' ''^2) < 1- Either sharper bounds are needed or we have to use a different iter- 
ation function (recall that fixed point equations can be written in many different but equivalent 
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ways and for some of them the iteratfon map maybe contractible, for others not). Notice that 
as fong as we are only interested in obtaining /(n) oc n we may rescale / by a sufficiently large 
constant such that / itself becomes a contraction map and maps to itself. This is possible 

because / and the matrix defined by f{n2) — f{ni) = D{n2, ni) ■ {n2 — rii) are continuous maps 
on the compact sets -Bd+i and -Bd+i x B^j^i respectively and thus are uniformly bounded. 
However, due to (A. 20) the required constant would turn / into a strictly norm decreasing map 
and thus can only have n = as a fixed point. 



Remark: 

In contrast to D odd, for D even there are two natural vectors that one construct purely from 
TT namely 

n7 = AC7Ji..Jo??^^^^.r/^°-^^°, vi = Kj,u,..JoV^'^'-ri^''-'^''- (A.21) 

These are the only independent contractions that exist because kij^.j^^ is completely symmetric 
in its J indices. It is natural to assume that the fixed point vector is a linear combination of 
u, V and indeed in D = 2 it is easy to see that n (x u. For D > 4 we were not able to verify this 
by direct calculation or any other means due to the complexity of the fixed point equation. 
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